We improve the theoretical estimates of the critical exponents for the threedimensional Heisenberg universality class. We find γ = 1.3960(9), ν = 0.7112(5), η = 0.0375(5), α = −0.1336(15), β = 0.3689(3), and δ = 4.783(3). We consider an improved lattice φ 4 Hamiltonian with suppressed leading scaling corrections. Our results are obtained by combining Monte Carlo simulations based on finite-size scaling methods and high-temperature expansions. The critical exponents are computed from high-temperature expansions specialized to the φ 4 improved model. By the same technique we determine the coefficients of the small-magnetization expansion of the equation of state. This expansion is extended analytically by means of approximate parametric representations, obtaining the equation of state in the whole critical region. We also determine a number of universal amplitude ratios.
. Aim of this paper is to substantially improve the precision of the theoretical estimates of the critical exponents. For this purpose, we consider an improved lattice Hamiltonian that is characterized by the fact that the leading correction to scaling is (approximately) absent in the expansion of any observable near the critical point. Moreover, we combine Monte Carlo (MC) simulations and analyses of high-temperature (HT) series. We exploit the effectiveness of MC simulations and finite-size scaling (FSS) techniques to determine the critical temperature and the parameters of the improved Hamiltonians [30] [31] [32] [33] [34] [35] [36] [37] , and the effectiveness of HT methods to determine the critical exponents for improved models, especially when a precise estimate of the critical point is available. This approach has already been applied to the three-dimensional Ising [38] and XY [39, 36] universality classes, achieving a substantial improvement of the estimates of the universal quantities that describe the critical behavior, such as the critical exponents and the scaling equation of state.
We consider a simple cubic lattice and the nearest-neighbor φ 4 lattice Hamiltonian
where φ x is a three-component field. As shown in Ref. [37] , the Hamiltonian (1) is improved for λ = λ * ≈ 4.4 (7) . Here, we extend the simulations of Ref. [37] , obtaining a more accurate estimate of λ * , λ * = 4.6(4), and precise estimates of the critical β c for several values of λ. The analysis of the MC FSS results obtained for the improved φ 4 lattice Hamiltonian already provides precise estimates of the critical exponents. As shown in Refs. [38, 39, 36] , an additional increase in precision can be obtained by combining improved Hamiltonians and HT methods. For this purpose, by using the linked-cluster expansion technique, we computed HT expansions of several quantities and analyzed them using the MC results for λ * and β c . The final results significantly improve those obtained from the MC simulation. Moreover, they substantially improve those obtained using longer (21 orders) series for the standard Heisenberg model [40] .
In Table III we report our results for the critical exponents. We give the estimates obtained from the analysis of the MC data alone and those obtained by combining MC and HT techniques-they are denoted by MC+IHT, where the "I" refers to the fact that we are considering an improved model. The exponent α can be derived using the hyperscaling relation α = 2 − 3ν, obtaining α = −0.1336 (15) . We would like to stress that the good agreement between the MC and HT estimates is not trivial, since the critical exponents are determined from different quantities and limits. Indeed, the MC estimates are obtained from the analysis of the finite-size behavior for the size L → ∞ at the critical point β = β c , while the HT results are derived from the singular behavior of infinite-volume quantities as β → β c .
In Table III we compare our results with the most precise theoretical estimates that have been obtained in recent years. A more complete list of results can be found in Ref. [56] . The results we quote have been obtained by Monte Carlo simulations (MC), from the analysis of the HT series for the standard Heisenberg model (HT), or by field-theory methods (FT). The MC results were obtained by applying FSS techniques to different Hamiltonians. Refs. [42] [43] [44] studied the standard O(3)-vector Heisenberg model, Ref. [37] the improved φ 4 model, and Ref. [41] an isotropic ferromagnet with double-exchange interactions [57] . The HT results of Ref. [40] were obtained analyzing the 21st-order HT expansions for the standard O(3)-vector model on the simple cubic (sc) and on the body-centered cubic (bcc) lattice. The FT results of Refs. [46] [47] [48] [49] [50] [51] were derived by analyzing perturbative expansions in different frameworks: fixed-dimension expansion (6th-and 7th-order series, see Refs. [58, 48] ), ǫ-expansion (to O(ǫ 5 ), see Refs. [59, 60] ), and (d − 2)-expansion (to O[(d − 2) 4 ], see Refs. [61] [62] [63] ). We quote two errors for the results of Ref. [48] : the first one (in parentheses) is the resummation error, and the second one (in brackets) takes into account the uncertainty of the fixed-point value g * of the coupling, which was estimated to be approximately 1% in Ref. [48] . To estimate the second error we use the results of Ref. [47] where the dependence of the exponents on g * is given. The results of Ref. [52] were obtained by using the so-called scaling-field method (SFM). Refs. [53] [54] [55] 64] present results obtained by approximately solving continuous renormalization-group (CRG) equations for the average action, which is approximated to lowest and first order of the derivative expansion. We also mention the HT results of Ref. [65] : they performed a direct determination of the exponent α obtaining α = −0.11 (2) , −0.13(2) on the sc and bcc lattice. Ref. [66] computes the critical exponents for a Heisenberg fluid by a canonical-ensemble simulation. Depending on the analysis method, they find 1/ν = 1.40(1), 1.31 (1) , β/ν = 0.54 (2) , 0.52 (1) , and γ/ν = 1.90(3), 1.87 (3) . Overall, all estimates are in substantial agreement with our MC+IHT results. We only note the apparent discrepancies with the MC estimates of η of Refs. [42, 43] , and with the FT results of Ref. [46] . However, the reliability of the error bars reported in Ref. [46] is unclear: indeed, Ref. [47] analyzes the same perturbative series and reports much more cautious error estimates.
We also present a detailed study of the equation of state. We first consider its expansion in terms of the magnetization in the HT phase. The coefficients of this expansion are directly related to the zero-momentum n-point renormalized couplings, which are determined by analyzing their HT expansion. These results are used to construct parametric representations of the critical equation of state which are valid in the whole critical region, satisfy the correct analytic properties (Griffiths' analyticity), and take into account the Goldstone singularities at the coexistence curve. From our approximate representations of the equation of state we derive estimates of several universal amplitude ratios. Moreover, we present several results and different forms of the equation of state that can be compared directly with experiments.
In particular, we can compare with the experimental results of Refs. [17, 20, 6] , finding good agreement. The paper is organized as follows. In Sec. II we present our MC results. In Sec. III we present our results for the critical exponents obtained from the analysis of the HT series for the improved Hamiltonian (1). The equation of state is discussed in Sec. IV. We determine the small-magnetization expansion coefficients in Sec. IV A, give an approximate parametric representation of the equation of state in Secs. IV B and IV C, compute several amplitude ratios in Sec. IV D, and compare the theoretical results with experimental data in Sec. IV E. Details are reported in the Appendices. In App. A we present the analysis of the MC results and in App. B the analysis of the HT series. The expressions of several amplitude ratios in [19] terms of the parametric representations are reported in App. C.
II. MONTE CARLO SIMULATIONS
The present MC simulations extend those of Ref. [37] . Here, we have considerably enlarged the statistics and added larger lattice sizes. Moreover, we have considered an additional quantity in order to improve the control over systematic errors. This way, we can increase the accuracy of λ * and give precise estimates of the critical β c for three values of λ in a neighborhood of λ * . For a detailed discussion of our methods, see Ref. [36] . Details are reported in App. A.
We simulated the O(3)-symmetric φ 4 model (1) at λ = 4.0, 4.5, and 5.0 on a simple cubic lattice with linear extension L in all directions. We measured the Binder parameter U 4 , its sixth-order generalization U 6 , the second-moment correlation length ξ 2nd , and the ratio Z a /Z p , where Z a is the partition function with anti-periodic boundary conditions in one of the three directions and Z p the corresponding one with periodic boundary conditions in all directions. The number of iterations for each lattice size and value of λ was approximately 10 7 for L = 6, 7, 8, 9, 10, 11, 12, 14, 16, 18, 20, 22 , we have added new lattice sizes for all three values of λ and considerably increased the statistics. In total, the whole study took about four years on a single 450 MHz Pentium III CPU.
In the first step of the analysis, we compute β c and the fixed-point value of the dimensionless ratios R * for λ = 4.5, using the standard cumulant crossing method of Binder. In particular, we fit our data with the ansatz
where R * and β c are free parameters. Our results are reported in Table IV . Note that the four results for β c are consistent within error bars. The statistical error of β c obtained from Z a /Z p and ξ 2nd /L is considerably smaller than that from U 4 and U 6 . As our final estimate we take β c = 0.6862385 (20) , which is consistent with all four results.
In addition, we determine β c for λ = 4.0 and λ = 5.0. For this purpose, we use the ansatz (2), fixing L = 96 and taking the values of R * from Table IV . Our results are summarized in Table V . For both values of λ, the results obtained from the four different choices of R * are consistent within error bars. As our final result we take that obtained from Z a /Z p , since it has the smallest statistical error.
Then, we locate λ * by studying the scaling corrections to a quantityR defined in terms of two dimensionless ratios R 1 and R 2 . To defineR, we fix a number R 1,f which should be a [26] good approximation to R * 1 , see Ref. [36] . Then, for a given value of λ and L, we determine
In our analysis, β f is determined by taking either (
Note that β f approaches β c as
where the prefactor C f depends on the choice of R 1,f . In particular, if R 1,f = R * 1 , then C f = 0 and the leading corrections are proportional to
Here, we take either U 4 or U 6 as R 2 . Below, we often refer toR as R 2 at R 1,f . Up to subleading corrections,R behaves as
The optimal value λ * is obtained by solvingc(λ) = 0. We obtain λ * = 4.6(4), 4.7(8), 4.7(8) and 4.6(8) 
and U 6 at (ξ 2nd /L) f = 0.5644, respectively. As our final result we quote
from
Finally, we compute the critical exponents ν and η using standard FSS methods. Usually, the exponent ν is computed from the slope of a dimensionless ratio R at β c . Here, following Ref. [42] , we replace β c by β f , which simplifies the error analysis, and determine ν from the relation
We study the derivative of all four quantities U 4 , U 6 , ξ 2nd /L, and Z a /Z p , and fix β f by using either (ξ 2nd /L) f = 0.5644 or (Z a /Z p ) f = 0.1944. We arrive at the final estimate
where the error includes both the statistical and the systematic uncertainty. The exponent η is computed from the finite-size behavior of the magnetic susceptibility:
In addition, we also use a fit ansatz that includes a constant background term:
As before, we fix β f by setting either (ξ 2nd /L) f = 0.5644 or (Z a /Z p ) f = 0.1944. Our final MC estimate is η = 0.0378(6).
III. CRITICAL EXPONENTS FROM THE IMPROVED HIGH-TEMPERATURE EXPANSION
As shown in the case of the Ising [38] and XY universality classes [39, 36] , the analysis of HT expansions for improved Hamiltonians with suppressed leading scaling corrections leads to considerably precise results even for moderately long series. In the present paper, the analysis of 20th-order HT expansions for the improved φ 4 lattice Hamiltonian, i.e. for λ ≈ λ * = 4.6(4), allows us to substantially improve the accuracy of the estimates of the critical exponents. As we shall see, the results turn out to be more precise than those obtained in the preceding Section. They also significantly improve those obtained from the analysis of longer series (21 orders) for the standard Heisenberg model (which is recovered in the limit λ → ∞) on the cubic and bcc lattices [40] . In this Section we report the results of our analyses of the HT series. The details are reported in App. B.
We determine γ and ν from the analysis of the HT expansion to O(β 20 ) of the magnetic susceptibility and of the second-moment correlation length. In App. B 2 we report some details and intermediate results so that the reader can judge the quality of our results without the need of performing his own analysis. They should give an idea of the reliability of our estimates and of the meaning of the errors we quote, which depend on many somewhat arbitrary choices and are therefore partially subjective.
We analyze the HT series by means of integral approximants (IA's) of first, second, and third order. The most precise results are obtained biasing the value of β c with its MC estimate. We consider several sets of biased IA's and for each of them we obtain estimates of the critical exponents. These results are reported in App. B 2. All sets of IA's give substantially consistent results. Moreover, the results are also stable with respect to the number of terms of the series, so that there is no need to perform problematic extrapolations in the number of terms in order to obtain the final estimates. The error due to the uncertainty on 
The number between parentheses is basically the spread of the approximants at λ = 4.5 using the central value of β c , while the number between brackets gives the systematic error due to the uncertainty on β c . Eqs. (13) and (14) show also the dependence of the results on the chosen value of λ. The λ-dependence is estimated by using the results for λ = 4.0 and λ = 5.0. Using the MC estimate λ * = 4.6(4), we obtain
where the error due to the uncertainty on λ * is reported between braces. Thus, our final estimates are γ = 1.3960 (9), (17) 
where the uncertainty is estimated by summing the three errors reported above.
Using the above-reported results for γ and ν and the scaling relation γ = (2 − η)ν, we obtain η = 0.037 (2) , where the error is estimated by considering the errors on γ and ν as independent, which is of course not true. We can obtain an estimate of η with a smaller, yet reliable, error by applying the so-called critical-point renormalization method [67] to the series of χ and ξ 2 . This method provides an estimate for the combination ην. Proceeding as before, we obtain ην = 0.02665(18) + 0.00035(λ − 4.5).
Taking into account that λ * = 4.6(4), we find
where the first error is related to the spread of the IA's and the second one to the uncertainty on λ * , evaluated as before. Thus,
Moreover, using the scaling relations, one obtains
where the error of β has been estimated by considering the errors of ν and η as independent.
IV. THE CRITICAL EQUATION OF STATE
In this section we determine the critical equation of state characterizing the Heisenberg universality class. The critical equation of state relates the thermodynamical quantities in the neighborhood of the critical temperature, in both phases. It is usually written in the form
where f (x) is a universal scaling function normalized in such a way that f (−1) = 0 and f (0) = 1, and B c and B are the amplitudes of the magnetization on the critical isotherm and on the coexistence curve,
Griffiths' analyticity implies that f (x) is regular everywhere for x > −1. It has a regular expansion in powers of x,
and a large-x expansion of the form
Moreover, at the coexistence curve, i.e. for x → −1 [68] [69] [70] [71] [72] 
The nature of the corrections to the leading behavior at the coexistence curve is less clear, see, e.g., Refs. [70] [71] [72] [73] 56] . From the scaling function f (x) one may derive many interesting universal amplitude ratios involving zero-momentum quantities, such as specific heat, magnetic susceptibility, etc.... For example, the universal ratio U 0 of the specific-heat amplitudes in the two phases can be written as (see, e.g., Ref. [74] )
where, in the Heisenberg case for which −1 < α < 0,
We mention that the critical equation of state for the N-vector model has been computed to O(ǫ 2 ) in the framework of the ǫ-expansion [75] and to O(1/N) in the framework of the 1/N expansion [68] .
As our starting point for the determination of the critical equation of state, we determine the first few nontrivial coefficients of its small-magnetization expansion, by analyzing the corresponding HT series for the improved φ 4 Hamiltonian. These results are then used to construct parametric representations of the critical equation of state which are valid in the whole critical region. Then, from our approximate representations of the equation of state we derive estimates of several universal amplitude ratios. This method has been already applied to the Ising universality class in three [76, 38] and two dimensions [77] , and to the three-dimensional XY universality class [78, 36] .
A. Small-magnetization expansion of the Helmholtz free energy
We write the Helmholtz free energy as [76, 79] 
where m = 1/ξ, ξ is the second-moment correlation length, g 4 is the zero-momentum fourpoint coupling, and
where k is an appropriate amplitude ratio. The small-magnetization expansion of the free energy corresponds to the small-z expansion of A(z),
which also fixes the normalization k of z. Correspondingly, we obtain for the equation of state
with F (z) ≡ ∂A/∂z. Because of Griffiths' analyticity, F (M) has a regular expansion in powers of t for |M| fixed. Therefore, F (z) has the large-z expansion
The function F (z) is defined only for t > 0. For t < 0 the equation of state is expressed in terms of a different function which is however analytically related to F (z) since the free energy and the equation of state are analytic on the critical isotherm t = 0 for H = 0. The two functions f (x) and F (z) are clearly related:
where z 0 = kB. [86] In order to estimate the universal quantities g 4 and r 2j from the corresponding improved HT expansions (see App. B 1), we essentially used the analysis described in Ref. [36] . Here, we report only the final estimates:
where the error in parentheses is related to the spread of the approximants and the second one in brackets to the uncertainty on λ * , evaluated as before. Moreover, we obtained the rough estimate r 10 = −15 (10) . In Table VI we compare our results (denoted by IHT) with the estimates obtained using other approaches, such as HT expansions for the standard O(3)-vector model (HT), field-theoretical fixed-dimension perturbative expansions (d = 3 exp.), ǫ expansions (ǫ-exp.), and approximate solutions of continuous renormalization-group equations (CRG). All estimates are in good agreement, Only the ǫ-expansion estimate of g 4 is significantly higher than the IHT estimate (as already noted in Ref. [81] , the error may be underestimated). The CRG estimates are much less precise than the results of other methods.
B. Parametric representations of the equation of state
In order to obtain approximations of the equation of state valid in the whole critical region, we use parametric representations that implement the expected scaling and analytic properties. We write [87] [88] [89] 
where h 0 and m 0 are normalization constants. The variable R is nonnegative and measures the distance from the critical point in the (t, H) plane, while the variable θ parametrizes the displacement along the lines of constant R. The functions m(θ) and h(θ) are odd and normalized so that m(θ) = θ + O(θ 3 ) and h(θ) = θ + O(θ 3 ). The smallest positive zero of h(θ), which should satisfy θ 0 > 1, corresponds to the coexistence curve, i.e., to T < T c and H → 0. The parametric representation satisfies the requirements of regularity of the equation of state. Singularities can appear only at the coexistence curve (due, for example, to the logarithms discussed in Ref. [73] ), i.e., for θ = θ 0 . The mapping (43) is not invertible when its Jacobian vanishes, which occurs when
Thus, parametric representations based on the mapping (43) are acceptable only if θ 0 < θ l where θ l is the smallest positive zero of the function Y (θ). The functions m(θ) and h(θ) are related to the scaling function f (x) through
The asymptotic behavior (31) is reproduced simply by requiring that
The scaling function F (z) is obtained by
where ρ may be taken as a free parameter [76, 38, 78, 56] .
C. Approximate polynomial representations
Following Ref. [78] , we construct approximate polynomial parametric representations that have the expected singular behavior at the coexistence curve (Goldstone singularity) and match the known terms of the small-z expansion of F (z), cf. Eqs. (36) and (37) . We consider two distinct approximation schemes. In the first one, which we denote by (A), h(θ) is a polynomial of fifth order with a double zero at θ 0 , and m(θ) is a polynomial of order (1 + 2n):
In the second scheme, denoted by (B), we set scheme (B) :
Here h(θ) is a polynomial of order 5 + 2n with a double zero at θ 0 . For n = 0 the approximations (A) and (B) coincide. Note that for scheme (B)
independently of n, so that θ l = (1 − 2β) −1 . In both schemes, ρ, θ 0 , and the n coefficients c i are determined by matching the small-z expansion of F (z). Thus, in order to fix the n coefficients c i we use n + 1 values of r 2j , i.e., r 6 , ...r 6+2n .
As input parameters for our analysis we consider the estimates α = −0.1336 (15) , η = 0.0375(5), r 6 = 1.86 (4) , and r 8 = 0.6(2), which are the results of our HT analysis. The available estimate of r 10 is too imprecise for our purposes. In Fig. 1 we show the curves obtained in schemes (A) and (B) with n = 0, 1 and for α = −0.1336, η = 0.0375, r 6 = 1.86, and r 8 = 0.6. The differences among the three approximations should give an indication of the uncertainty. The three approximations of F (z) are practically indistinguishable, and differ at most by approximately 2% (the difference between the two n = 1 curves is much smaller). Thus, by using the first two coefficients r 2j , one obtains reasonably precise approximations of the scaling function F (z) for all positive values of z, i.e., for the whole HT phase up to t = 0. This is also numerically confirmed by the estimates of the universal constant F ∞ 0 , cf. Eq. (38) , which is related to the large-z behavior of F (z). Indeed, we obtain F ∞ 0 = 0.0262(4), 0.0266(5), 0.0266(5) respectively for n = 0, n = 1 (A), n = 1 (B), where the reported errors refer only to the uncertainty of the input parameters. This fact is not trivial, since the small-z expansion has a finite convergence radius [90] . Therefore, the determination of F (z) on the whole positive real axis from its small-z expansion requires an analytic continuation, which turns out to be effectively performed by the approximate parametric representations we have considered.
In Fig. 2 we plot the approximations of f (x) corresponding to the schemes (A) and (B) for n = 0, 1, using the central values of the input parameters. The three curves are in substantial agreement, especially those with n = 1. Indeed, the difference between them is within the uncertainty due to the errors on the input parameters. These approximate parametric representations are not precise at the coexistence curve; indeed, as we shall see, the estimates of c f , cf. Eq. (31), are rather imprecise and very sensitive to the value of r 8 , which is not known with high precision. We mention that in Ref. [55] an approximate expression for f (x) was obtained by approximately solving the continuous renormalizationgroup equations for the free energy (average action). The results are quite imprecise, as we shall show later by comparing the corresponding estimates for some universal amplitude ratios.
D. Universal amplitude ratios
From the critical equation of state one may derive estimates of several universal amplitude ratios. They are expressed in terms of the amplitudes of the magnetization, cf. Eqs. (27) and (28), of the singular part of the specific heat
of the magnetic susceptibility in the HT phase 
of the zero-momentum four-point connected correlation function in the HT phase
and of the second-moment correlation length in the HT phase
where N = 3. We also consider the crossover (or pseudocritical) line t max (H), that is defined as the reduced temperature for which the longitudinal magnetic susceptibility χ L (t, H) = ∂M/∂H has a maximum at H fixed. The renormalization group predicts
We consider several universal amplitude ratios: 
Morever, we estimate
which, as suggested in Ref. [74] , should be less sensitive to the value of α than U 0 . In App. C we give their expressions in terms of the functions m(θ) and h(θ).
In Table VII we report the universal amplitude ratios, as derived by the approximate polynomial representations of the equation of state for n = 0, 1. The reported errors are only due to the uncertainty of the input parameters and do not include the systematic error of the procedure, which may be determined by comparing the results of the various approximations. In Table VII we also show results for z max , x max and w max which are the values of the scaling variable z, x and w (w will be defined in Eq. (71)) associated with the TABLE VII. Results for the parameters and the universal amplitude ratios using the scheme (A), cf. Eq. (48) , and the scheme (B), cf. Eq. (49) . Note that the quantities reported in the first three lines do not have a physical meaning, but are related to the particular parametric representation employed. Numbers marked with an asterisk are inputs, not predictions. From the results of Table VII we arrive at the final estimates denoted by IHT-PR in Table VIII , obtained by taking the weighted average of the results for n = 1. The error we quote is the sum of the uncertainty induced by the error on the input parameters and of one half of the difference between the two approximations with n = 1. In most cases these estimates include the results of the n = 0 approximation. In Table VIII we compare our results with those obtained in other approaches and in experiments [101] . We mention that the field-theoretical estimates of U 0 have been obtained from the analysis of the fixeddimension expansion in the framework of the minimal renormalization without ǫ-expansion [91, 93] , and from the standard ǫ-expansion to O(ǫ 2 ) [92] . The estimate of U 0 by CRG was obtained using Eq. (33) and the approximate expression for f (x) reported in Refs. [55, 64] . See, e.g., Ref. [102] for a more complete review of theoretical and experimental estimates of universal amplitude ratios. In addition, from the approximate parametric representations of the equation of state, we obtain the estimates 
The estimate of r 10 should be compared with the much less precise HT result r 10 = −15(10) obtained in Sec. IV A. Concerning the quantities involving amplitudes at the crossover line, we report the estimates
In order to determine the behavior of the longitudinal magnetic susceptibility χ L = ∂M/∂H as a function of t and H, one may consider the scaling function The function D(w) has a maximum for w max = 1.55 (6) . In order to simplify possible comparisons, it is convenient to consider the rescaled function
which is such that the maximum corresponds to u = 1 and satisfies C(1) = 1. In Fig. 3 we plot the scaling function C(u) versus u, as obtained from the n = 0, 1 approximate parametric representations.
E. Comparison with the experiments
In spite of the large number of experiments, at present there is no accurate quantitative study of the equation of state in the critical regime. We shall discuss here three different representations that are widely used in the experimental work and we shall give explicit formulae for them.
A first possibility [103] consists in studying the behavior of h/m ≡ H|t|
. Such a function can be easily obtained from our approximations for f (x), since m 2 = B 2 |x| −2β and
where the constant k can be written as 
The universal ratio R χ has been computed in the previous section, R χ = 1.31(7), and B and B c are nonuniversal amplitudes defined in Eqs. (28) and (27) . A plot of m 2 /B 2 versus C + h/m is reported in Fig. 4 . It agrees qualitatively with the analogous experimental ones reported, e.g., in Refs. [17, 20, 104] . Often, for small h/m one approximates the equation of state by writing
where a ± and b ± are numerical coefficients depending on the phase. Such an approximation has a very limited range of validity. In the HT phase, we obtain for m 2 → 0
where we have used the estimate of R 4 reported in Table VIII 
where c f is defined in Eq. (31) and can be estimated roughly from the results reported in Table VII . Eq. (77) is inconsistent with the approximation (75) near the coexistence curve, due to the presence of Goldstone modes. It would be correct only in Ising systems. Finally, note that for m 2 large we have
A second form that is widely used to analyze the experimental data is the Arrott-Noakes [105] scaling equation
where a and b are numerical constants. This approximation is good in a neighborhood of the critical isotherm t = 0. Since 25 which is quite a large interval. Finally, Ref. [6] reports an experimental study of the behavior of the critical system at the crossover line, and shows a plot of the curve C(u), cf. Eq. (72) 
APPENDIX A: MONTE CARLO SIMULATIONS
In this appendix we present some details of the analyses of the MC data. Details on the simulation can be found in Ref. [37] . 
Definitions
In all our work, considerable importance is played by dimensionless ratios (or phenomenological couplings) R. In order to have better control on systematic errors we have studied four dimensionless ratios. We first consider the Binder cumulant U 4 [107] and its generalization U 6 defined by
where
is the magnetization of the system. The third quantity that we studied is the second-moment correlation length divided by the linear extension of the lattice ξ 2nd /L. The second-moment correlation length is defined by
is the magnetic susceptibility and
is the Fourier transform of the two-point correlation function at the lowest nonvanishing momentum. In order to reduce the statistical error, we averaged the results of all three directions of the lattice. The fourth quantity is the ratio Z a /Z p , where Z a is the partition function with antiperiodic boundary conditions in one of the three directions and Z p the corresponding one with periodic boundary conditions in all directions. Anti-periodic boundary conditions mean that the term <xy> φ x · φ y in the Hamiltonian is multiplied by −1 for x = (L 1 , x 2 , x 3 ) and y = (1, x 2 , x 3 ). This ratio can be measured with the help of a variant of the cluster algorithm, the boundary-flip algorithm. It was introduced in Ref. [108] for the Ising model and generalized to O(N)-invariant nonlinear σ models in Ref. [109] . As in Refs. [33, 36] , we use a version of the algorithm that only measures Z a /Z p and does not perform the flip to anti-periodic boundary conditions. For a recent discussion of the algorithm, see Ref. [36] .
Determination of R *
First, we compute β c and the fixed-point value of the dimensionless ratios R * for λ = 4.5-our best approximation to λ * -using the standard cumulant crossing method of Binder. For λ = 4.5 we solve Eq. (2), computing R(L, β) by using its Taylor expansion up to the third order:
Here β s is the value of β at which the simulation was performed, and R, d 1 , d 2 , and d 3 are determined in the MC simulation.
As an example, results for Z a /Z p are given in Table IX . In the fits, we include all data
is the number of degrees of freedom of the fit) is smaller than 1 starting from L min = 16. Moreover, the result for β c is stable when further data are discarded. To be on the safe side, we take our final estimate from the fit with L min = 28 and L max = 96.
The systematic error due to corrections to scaling is estimated by comparing the results corresponding to L min = 28 and L max = 96 with those with L min = 14 and L max = 48. We suppose that the error of β c is proportional to L −1/ν−ω ≈ L −2.2 , where we assume pessimistically leading and not subleading corrections. Hence, we estimate the error on our final result as the difference between the L min = 28, L max = 96 result and the L min = 14, L max = 48 result multiplied by 2 −2.2 /(1 − 2 −2.2 ). The systematic error of (Z a /Z p ) * is estimated in a similar fashion, assuming that the error is proportional to L −ω . In the same way we analyze our data for the remaining three dimensionless ratios. Our results are reported in Table IV. Note that the four results for β c are consistent within error (4) bars. The statistical error of β c obtained from Z a /Z p and ξ 2nd /L is considerably smaller than that from U 4 and U 6 . As our final estimate we take β c = 0.6862385 (20) , which is consistent with all four results.
Determination of λ *
In order to compute λ * we solve the equationc(λ) = 0, wherec(λ) is defined in Eq. (6). In practice, we replacec(λ) with its first-order Taylor expansion around λ = 4.5 and thus evaluate λ * from
In order to computec(4.5) we fit our data forR with the ansatz (6), where we fix ω = 0.8. We have checked that the final result for λ * has a very weak dependence on the value of ω used in the analysis. If we choose ω = 0.75, the results vary much less than the quoted error bar, indicating that the error on ω can be neglected.
As an example, the results for U 4 at (Z a /Z p ) f = 0.1944 are given in Table X . We see that there is a slight drift towards larger values ofc(4.5) as L min is increased. The final result corresponds to L min = 16 and L max = 96. Systematic errors due to subleading corrections to scaling are estimated by comparing with the results obtained for L min = 8 and L max = 48. Assuming the errors onc(4.5) to decrease as L −ω 2 +ω ≈ L −0.8 , we arrive at c(4.5) = 0.0010(6) [19] , where the systematic error is quoted in brackets.
In Table XI we give the analogous results for U 4 at (ξ 2nd /L) f = 0.5644. Here, we see a larger change ofc(4.5) when L min is varied. Also, χ 2 /d.o.f. is larger for L min < 14. Since corrections are larger than above, we take the final estimate from the fit with L min = 24 and L max = 96. We arrive at the estimatec(4.5) = 0.002(2) [5] . In a similar way we arrive atc(4.5) = 0.007(5) [15] for U 6 at (Z a /Z p ) f = 0.1944 andc(4.5) = 0.003(4) [18] for U 6 at (ξ 2nd /L) f = 0.5644. Next, we compute dc/dλ at λ = 4.5. To estimate the derivative ofc(λ), we consider the finite differences
The results for our four choices ofR are given in Table XII . We see that the results, as functions of L, are constant within error bars. This nicely confirms the exponent ω = 0.8. The final result for the derivative is obtained by averaging the results for L ≥ 12, see Table XIII . In order to estimate the discretization error, we additionally compute the derivative, usingR(L, λ) for the pair λ = 5.0 and λ = 4.5. The difference with the abovereported result is small and in practice negligible, approximately 12% for 
In the first row λ = 4.0, in the second one λ = 4.5. , and ω.
As our final result we quote λ * = 4.6(4) from U 4 at (Z a /Z p ) f = 0.1944.
Critical exponents
We compute the critical exponents ν and η using standard FSS methods.
a. The exponent ν
The exponent ν is determined by fitting the data with Eq. (8). We study the derivative of all four quantities U 4 , U 6 , ξ 2nd /L, and Z a /Z p , and fix β f by using either (ξ 2nd /L) f = 0.5644 or (Z a /Z p ) f = 0.1944.
As typical examples, we give fit results for Tables   XIV, XV , and XVI, respectively. In all these three cases, we have fixed β f by (Z a /Z p ) f . Fixing β f by (ξ 2nd /L) f leads to similar results. we can find lower and upper bounds for ν. Taking into account the fit results for L min ≥ 22 we arrive at the final estimate ν = 0.7113 (10) . Here, the error bar includes both the statistical and the systematic error.
Finally, we try to determine the effect of leading corrections to scaling on our estimate of ν. For this purpose we fit our data up to L max = 28 at λ = 4.0, λ = 4.5, and λ = 5.0 with the ansatz (8) . In Table XVII we give our results for the derivative of the Binder cumulant with respect to β at (Z a /Z p ) f = 0.1944. In particular, for small L min , we see a clear dependence of the result for ν on λ. For instance, for L min = 8 the difference between the result for λ = 4.0 and λ = 5.0 is 0.00176 (46) .
In Table XVIII we give the corresponding analysis for Z a /Z p at (Z a /Z p ) f = 0.1944. In this case we see a much smaller dependence of the results for ν on λ. For L min = 8 the difference between the results for λ = 4.0 and λ = 5.0 is −0.00065 (18) . The behavior in the case of ξ 2nd /L (which is not shown here) is much the same: the dependence of the fit result for ν on λ is much smaller than for the Binder cumulant.
Taking into account the range the lattice sizes that are used to obtain the final result for ν, we arrive at a possible uncertainty of 0.0001 for ν from the derivative of Z a /Z p and of ξ 2nd /L due to the uncertainty in λ * . The systematic error is clearly dominated by subleading corrections. Our final MC estimate of ν is ν = 0.7113 (11) .
(A9) We determine the exponent η by using Eq. (10) and also a fit ansatz that includes a constant background term, Eq. (11). We fix β f by setting either (ξ 2nd /L) f = 0.5644 or (Z a /Z p ) f = 0.1944.
Fits for λ = 4.5 with the ansatz (10) are given in Table XIX (β f fixed by (Z a /Z p ) f = 0.1944) and XX (β f fixed by (ξ 2nd /L) f = 0.5644). In both cases, χ 2 /d.o.f. becomes close to one starting from L min = 24. Moreover, in both cases the fit results for η are strongly increasing as L min is increased. For L min = 32 we have a consistent result of η = 0.0374 (2) .
Next, we checked the dependence of the result for η on λ. In Table XXI we give results for λ = 4.0, 4.5, and 5.0 for L min = 16 and L max = 28. We see a rather strong dependence on λ. The difference between the results for λ = 4.0 and 5.0 is 0.00080 (25) . Taking into account the range of lattice sizes used to obtain our final estimate, we arrive at an error of 0.0002 on η due to the error on λ * . Finally, we performed fits with the ansatz (11) . The results are summarized in Tables TABLE XX. Estimates of η from fits of the magnetic susceptibility at λ = 4.5 with Eq. (10) . XXII and XXIII. We observe that a χ 2 /d.o.f. close to one is already reached for L min = 10. Moreover, the result for η changes little with increasing L min . For L min = 16 the results obtained by fixing β f by Z a /Z p and ξ 2nd /L agree. Therefore, we give as our final result η = 0.0378 (6) . The error bar is such that it includes the result of the fits with ansatz (10).
APPENDIX B: ANALYSIS OF THE HIGH-TEMPERATURE EXPANSIONS
In this appendix we report a discussion of our HT analyses. It should allow the reader to understand how we determined our estimates and the reliability of the errors we report, which are to some extent subjective. More details on the methods we use are reported in Ref. [36] . 
Definitions and HT series
We computed the HT expansion of several quantities for the φ 4 lattice Hamiltonian (1) for generic values of λ by using the linked-cluster expansion technique. A general introduction to this technique can be found in Refs. [110] [111] [112] . We calculated the 20th-order HT expansion of the magnetic susceptibility and of the second moment of the two-point function,
and therefore, the second-moment correlation length ξ 2 = m 2 /(6χ). Moreover, we computed the HT expansion of the zero-momentum connected 2j-point Green's functions χ 2j
(χ = χ 2 ). More precisely, we computed χ 4 to 18th order, χ 6 , χ 8 , and χ 10 to 15th order. In Table XXIV we report the series for the φ 4 Hamiltonian with λ = 4.5. We chose this value because it is very close to the best estimate of λ * , and because for this value of λ we have a precise MC estimate of β c , β c = 0.6862385 (20) .
The HT series of the zero-momentum four-point coupling g 4 and of the coefficients r 2j that parametrize the small-magnetization expansion of the equation of state can be computed using their definitions in terms of χ 2j and ξ 2 , i.e.,
and r 6 = 10 − 5(N + 2) 3(N + 4) .
The formulae relevant for the Heisenberg universality class are obtained setting N = 3.
Critical exponents
In order to estimate γ and ν, we analyzed the 20th-order HT expansion of the magnetic susceptibility and the 19th-order HT expansion of ξ 2 /β. We analyzed the HT series by means of integral approximants [113] (IA's) of first, second, and third order (IA1's, IA2's and IA3's respectively). Since the most precise results are obtained by using the MC estimates of β c to bias the approximants, we shall only report the results of the biased analyses. We used the values of β c obtained in Sec. A 2, i.e. 
We considered several sets of biased IA's, and for each of them we obtained estimates of the critical exponents. In the analysis we followed closely Ref. [36] . Thus, in the following we shall heavily refer to it for notations and a more detailed description of the analyses.
Given an nth-order series
IAk is a solution of the inhomogeneous kth-order linear differential equation
where the functions P i (β) and R(β) are polynomials of order m i and l respectively, which are determined by the known nth-order small-β expansion of f (β). We considered two types of biased IAk's: (i) The first type of biased IAk's, which will be denoted by bIAk's, is obtained by setting
where p k (β) is a polynomial of order m k − 1.
(ii) Since on bipartite lattices β = −β c is also a singular point associated to the antiferromagnetic critical behavior [114] , we consider IAk's with
where p k (β) is a polynomial of order m k − 2. We shall denote them by b ± IAk's. In our analyses we considered diagonal or quasi-diagonal approximants, since they are expected to give the most accurate results. For each set of IAk's we calculated the average of the values corresponding to all nondefective IAk's. Approximants are considered defective when they have singularities close to the real β axis near the critical point. We also discarded some nondefective IA's-we call them outliers-whose results are far from the average of the other approximants. All details can be found in the App. B of Ref. [36] .
In Tables XXV and XXVI we report the results for γ and ν respectively, obtained by analyzing the series for λ = 4.0, 4.5, and 5.0. There, we also quote the "approximant ratio" r a ≡ (g − f )/t, where t is the total number of approximants in the given set, g is the number of nondefective approximants, and f is the number of outliers which are discarded using an [14] algorithm described in App. B of Ref. [36] ; g − f is the number of "good" approximants used in the analysis. Notice that g ≫ f , and g − f is never too small. For each analysis, beside the corresponding estimate, we report two numbers. The number in parentheses, e 1 , is basically the spread of the approximants for β c fixed at its MC estimate. It is the standard deviation of the results obtained from all "good" IA's divided by the square root of r a , i.e., e 1 = σ/ √ r a . The number in brackets, e 2 , is related to the uncertainty on the value of β c and it is estimated by varying β c in the range [β c − ∆β c , β c + ∆β c ].
APPENDIX C: UNIVERSAL AMPLITUDE RATIOS FROM THE PARAMETRIC REPRESENTATION
In the following we report the expressions of the universal amplitude ratios in terms of the parametric representation (43) of the critical equation of state.
The singular part of the free energy per unit volume can be written as
where g(θ) is the solution of the first-order differential equation
that is regular at θ = 1. The function Y (θ) has been defined in Eq. (44) . The longitudinal magnetic susceptibility can be written as
The function g 2 (θ) must vanish at θ 0 in order to reproduce the predicted behavior at the coexistence curve χ L ∼ H −1/2 , according to
From Eq. (C3) we see that g 2 (θ) satisfies this condition if h(θ) ∼ (θ 0 − θ) 2 for θ → θ 0 . From the equation of state one can derive universal amplitude ratios of zero-momentum quantities. We consider
Using Eqs. (45) and (47) one can easily derive the expressions of the various coefficients that characterize the asymptotic behavior of the scaling functions f (x) and F (z), such as c f , f 0 i for f (x) and F ∞ i , r 2j for F (z). Concerning the ratios involving amplitudes along the crossover line, one finds
Here x max and z max are the values of the scaling variables x and z computed at θ max , where θ max is the solution of the equation Numerically, using the estimates reported in Sec. IV D, we have w max = 1.55 (6) , w max R
